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In a system of n quantum particles, the correlations are classified into a series of irreducible 
fc-particle correlations (2 < k < n), where the irreducible fc-particle correlation is the correlation 
appearing in the states of fc particles but not existing in the states of k — 1 particles. A measure of the 
degree of irreducible fc-particle correlation is defined based on the maximal entropy construction. By 
adopting a continuity approach, we overcome the difficulties in calculating the degrees of irreducible 
multi-particle correlations for the multi-particle states without maximal rank. In particular, we 
obtain the degrees of irreducible multi-particle correlations in the n-qubit stabilizer states and the 
71-qubit generalized GHZ states, which reveals the distribution of multi-particle correlations in these 
states. 
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Introduction. — How to classify and quantify different 
types of correlations in a multi-particle quantum state is 
fundamental in many-particle physics and quantum in- 
formation. The traditional method to characterize the 
multi-particle correlation in many-particle physics is to 
use the multi-particle correlation functions, which are di- 
rectly associated with experimental observables. Another 
method is originated from Shannon's deep insight of in- 
formation where the entropy is used as a measure 
of information. Since different types of correlations in a 
multi-particle state can be regarded as different types of 
nonlocal information, a natural idea is to build a relation 
between correlation and entropy. 

Along this direction, the concept of the irreducible n- 
particle correlation in an n-particle quantum state was 
first proposed in Ref. Q by Linden et al. The counter- 
part for a probability distribution of n classical variables 
was given in Ref. |3j. Note that, the concept in Ref. 
Q was naturally generalized in Ref. 0]: a series of the 
connected information of order k are defined, which cor- 
responds to the irreducible fc-particle correlation in an 
n-particle quantum state. 

The degree of irreducible 2-particle correlation in a 2- 
particle quantum state is equal to the 2-particle mutual 
entropy Q , which is also obtained in different contexts 0, 
5] . The irreducible n-particle correlation in an n-particle 
state has been shown to be zero for most n-particle pure 
states @, e.g., among n-qubit pure states, the irreducible 
n-particle correlation is not zero only for the GHZ type 
pure states Q. 

In this letter, based on the maximal entropy construc- 
tion, we give the definition of a measure of the degree of 
irreducible fc-particle correlation in an n-particle state. 
This definition can be regarded not only as a direct gen- 
eralization of the concept in Ref. but also as the 
quantum version of connected correlation of order k in 
Ref. 0]. It is worthy to note that the correlations in the 
n-particle system can be classified into the irreducible 
fc-particle correlations. In another word, the degrees of 



irreducible multi-particle correlations tell us how the cor- 
relations are distributed into the system. 

Because the measure of the degree of irreducible fc- 
particle correlation is defined by the constrained opti- 
mization over the n-particle quantum states, its explicit 
calculation in a general n-particle state (n > 2) is chal- 
lenging, even for a 3-qubit state. To our best knowledge, 
no explicit calculations of irreducible multi-particle cor- 
relations exist in the available literature. 

The main purpose of this letter is to provide a con- 
tinuity approach to calculate the degrees of irreducible 
multi-particle correlations for the multi-particle states 
without maximal rank, which are interested or useful in 
many particle physics or quantum information. In par- 
ticular, we obtain the analytic results for the degrees of 
irreducible multi-particle correlations for the stabilizer 
states [3, [tj [l(| and the generalized GHZ states Q • 

Notations and definitions. - For simplicity, we 
introduce the following notations. The set e(n) = 
{1, 2, • • • , n}. An rn-element subset of the set e(n) is de- 
noted as a(m) = {ai, a2, • • • , a m }, and the complemen- 
tary set of the set a(m) relative to the set e(n) is denoted 
as a(n - m) = {at, a 2 ,---, a ( „_ m) }. 

In a system of n quantum particles, the complete 
knowledge of its state is specified by the n-particle den- 
sity matrix p e ^ n \ The irreducible fc-particle correlation 
(2 < fc < n) in the state is defined as the correlation ap- 
pearing in the fc-particle reduced density matrixes p a ( fe ) , 
but not existing in the (fc — l)-particle states /? a ( fc_1 ). 
To define a measure of the degree of irreducible multi- 
particle correlations in the state p e ( n \ similar to the 
method we adopted in Ref. 



Ill ], we introduce an 



particle density matrix p^™^ for each I S e(n) that satis- 
fies: 
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where the ^-particle reduced density matrix 
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for arbitrary subset a(Z), and the function S is the von 
Neumann entropy defined as S(x) — — Tr(x log 2 x). In 
another word, the n-particle density matrix pf has the 
same Z-particle reduced density matrixes as those of p e (") , 
but it is maximally noncommittal to the other missing 
information contained in the state p e ( n ) [l^]. A measure 
of the degree of irreducible fc-particle correlation in the 
state p e (") is then defined as 

C W(p^) = S(^l)-S(^). (3) 

The total correlation in the state p e (") is referred to the 
nonlocal information appearing in p e ^ n \ but not existing 
in the single particle states p a ^ . A measure of the degree 
of the total correlation in the state p e ( n ) is then defined 

as 

C T ( P e ^) = S(p e 1 {n) )-S(p^). (4) 
Substituting Eqs. © into Eq. (gj), wc find that 

n 

c T {^ B) )=E cl<i V (n) )' ( 5 ) 

fe=2 

Eq. (J5]) not only justifies that Eq. Q is a legitimate 
measure of the total correlation, but also implies that 
all the irreducible multi-particle correlations construct a 
classification of the total correlation. 

Note that the above definitions of the degrees of dif- 
ferent types of correlations, Eqs. © and Eq. (J4]), are 
intimately related with the von Neaumann entropy. The 
underlying reason is as follows. On the one hand, the von 
Neaumann entropy of a quantum state is a measure of the 
degree of uncertainties of the state. On the other hand, 
the existence of correlation in the multi-particle quantum 
state decreases the uncertainties of the state. Therefore 
the decreasing of uncertainties, i.e, the entropy differ- 
ence, is reasonable to be used as a measure of the degree 
of correlation. 

Standard exponential form. — Note that the n-particle 
density matrixes /5j are essential elements in the defi- 
nitions in Eqs. §5§ and Eq. (|3J . The following important 
theorem gives the standard exponential form of the state 

~e(n) 
Pi ■ 

Theorem 1: For an n-particle quantum state p e (") 
with maximal rank, a state p?' n ^ (1 < I < n) which 
satisfies Eqs. ([T]) and can be written in the following 
exponential form: 

p\ e{n)) = e X p(5> a < I >®T 5 < n - i >), (6) 

where l a ("~0 is the identity operators on the Hilbcrt 
space of particles a(n — I), and the operators A a "' are to 
be determined by Eqs. J5J). 

Proof: The Lagrange multipliers A a ^) are introduced 
to transform the constrained maximization defined by 



Eqs. (JTJ) and ([2]) to the following unconstrained mini- 
mization: 

- S(pf^) - ^Tr(A a W(^W - p^)) > Tr(A a CV W ), 

a(0 

where the Klein inequality (l3j is used. The equality is 
satisfied if and only if Eq. ^ is satisfied. The Lagrange 
multiplies A a ^) are to be determined by Eqs. Be- 
cause the Klein inequality [l3| involves only the positive 
operators, we need to limit ourselves to the states with 
maximal rank. 

A direct result of theorem 1 is the following corollary. 

Corollary 1: For m = 1 case, we have 

n 

pf n) = exp(£A"< 1 >®T 5 < n - 1 )) =[]®P W - 

a(l) »=1 

Therefore the degree of the total correlation ([5]) in the 
state p^™) is give by 

n 

C T (p^) = J2S(p {i) )-S(p e( -% (7) 

i—l 

where we used pl (n) = p e{n \ Although the de gree of 
the total correlation has an analytical expression 0, 
we have not been able to give similar analytical results 
for the degrees of irreducible multi-particle correlations 
CW(p e W). 

Note that theorem 1 is a direct generalization of the 
corresponding result in Ref. 0. It shows that the fea- 
ture of multi-particle correlation in the state pf is di- 
rectly embodied in the exponential form of the state. As 
emphasized in Ref. Q, theorem 1 are not available for 
the multi-particle states without maximal rank. How- 
ever, most multi-particle states interested in many par- 
ticle physics or quantum information have not maximal 
rank, e.g., the n-qubit stabilizer states and the general- 
ized GHZ states discussed below. 

To overcome the difficulties in using theorem 1 to treat 
with the states without maximal rank, we adopt the fol- 
lowing approach. A multi-particle state without max- 
imal rank can always be regarded as the limit case of 
a series of multi-particle states with maximal rank. If 
the degrees of irreducible multi-particle correlations for 
the series of states with maximal rank can be obtained, 
then we take the limit to get the degrees of irreducible 
multi-particle correlations for the state without maximal 
rank. We called the above method as the continuity ap- 
proach. The proofs of theorem 2 and 3 below are typical 
applications of this approach. 

Correlations in stabilizer states. — An n-qubit stabi- 
lizer state state p*g is defined as 

{a;Gz} i=l 
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where the set z = {0, 1}, {gt} are m (m < n) indepen- 
dent commute n-qubit Pauli group elements. The set 
S(p» ) = {di} i s called the stabilizer generator of the 
state pi , and the group generated by the generator 

g, denoted as Gip's^) — {XL 5?* > '-"i *= z }i is called the 
stabilizer of the state. To make the state ((8j to be a 
legitimate state, the minus identity operator is required 
not to be an clement of the stabilizer Q. Note that our 
definition of the n-qubit stabilizer state is an extension 
of the usual definition [l(| , which corresponds to the case 
when m — n. When m < n, the stabilizer states defined 
by Eq. ^ are no longer pure states. 

According to the definition of the n-qubit Pauli group, 
an element h £ G(pt^) can be written as h = 
±Ui=i° {i) for e {I,X,Y,Z}, where I is the 2 x 2 
identity operator, and X, Y, Z are three Pauli ma- 
trixes. The number of identity operator / in the ele- 
ment h is Ni(h) = ^TrOM/2. The stabilizer Q(fif n) ) 
can be classified into a series of sets Gk(pa ) = {h\h S 
Q{pf- n) ),N I (h) > n - k} for k G e(n). Although in 
general Gk(ps ) is not a group, we can still define the 



generator 0k(ps ) for the set w ) as a set of ele- 

ments in Qk(pt ) such that every element in Gk(ps^) 
can be written as a unique product of elements in the set. 
As in group theory, the choice of the generator Qk(ps ) 
is not unique in general. 

The irreducible fc-particle correlation in an n-qubit sta- 
bilizer state is given by the following theorem. 

Theorem 2: The irreducible fc-particle irreducible 
correlation in an n-qubit stabilizer state ps is 



pf n) ) = \M w )\-\u-M w )\ 



n e ( n ) 



(9) 



where | • | denotes the size of a set. 

Proof: Note that we can always take 0i(ps < '™' > ) C 



02(p« ) C ■ • • C 0„(/9s 1 '™''). Then the elements contained 
in Qk(ps ) but not in Qk-iip's^) arc rcexpressed as cfe 
for i 6 e(|gfc| — Thus we can construct an n-qubit 

state with a real parameter A as 

m lflfc|— Iflfc-i 

P ri")(A)=exp(r ? + A^ £ ( 10 ) 

fe=l 8=1 

where n = — ln(2™ cosh' Sm ' A), which is determined by 
the normalization condition Tr(pm ) = 1. Then the 
above state is expanded as 



e(n) 



?in) w = ^(i+!>^ E II .)• en) 



Note that if 3 ctki — 1 for fc > m, then Va(m), we have 
<n9{ki)) Thus the m-particle reduced 



density matrix ^"'(A) = p^ m \X). According to theo- 
rem 1, the degree of irreducible fc-particle correlation in 
the n-qubit state p„'(X) is 

C<*>0#»>(A)) = S(p e k ^(X)) - S(p e h (n \x)). (12) 

From Eq. (fTT|) . we observe that when the parameter A 

takes the limit of positive infinity, the states pm^ (A) are 
stabilizer states. In particular, 



lim p^(X)=pf n l 

A - • x. 



(13) 



It is easy to prove that S(pm\+oo)) — n — \l m \. Then 
the degree of irreducible fc-particle correlation in the sta- 
bilizer state pt^ 



is 



C^Hpt in) ) = \9k(p e s (n) )\-\&k-i{p e s M )\- 



(14) 



Note that the result of theorem 2 has been given in Ref. 
14j , which is based on some reasonable arguments in the 
context of multi-party threshold secret sharing. 

Theorem 2 can be used to analyze the multi-particle 
correlation distributions in all the stabilizer states. Let us 
illustrate its power with analysis of the correlations in the 
two stabilizer states: of (3) = 1/2(|000)(000| + |111)(111|) 
and (72 (3) = |GHZ)(GHZ| with |GHZ) = 1/V2(|000) + 
1 1 1 1) ) . A simple calculation yields the following results. 
For the state cr^ 3 \ there are 2 bits of correlations al- 
together, and these 2 bits of correlations are irreducible 
2-particle correlations. For the other state cr|^ 3 -' , the to- 
tal correlations become 3 bits, and these 3 bits of corre- 
lations are classified into 2 bits of irreducible 2-particle 
correlation and 1 bit of irreducible 3-particle correlation. 

Correlations in generalized GHZ states. — A general- 
ized n-qubit GHZ states is defined as 



\G n ) =a|00---0) +/3\ll •••!), 



(15) 



where the parameters a and (3 satisfy \a\ 2 + |/3| 2 = 1 
and a(3 ^ 0. The degrees of irreducible multi-particle 
correlations for the state Pq (= \G n )(G n \) are given by 
the following theorem. 

Theorem 3: The degrees of irreducible multi-particle 
correlation in the generalized GHZ state (TTSJ) are given 
by 

C^{ P t ] ) = (n-l)£(M 2 ), (16) 
C^(pt ] ) = E(\a\% (17) 

where E(x) = — x log 2 x — (1 — x] log 2 (l — x). The degrees 
of the other types of irreducible multi-particle correla- 
tion are zero identically, i.e., C^ 3 \pQ ) — C^\pQ ) = 
■■■ = C { - n - 1 \ P f L) )=Q. 

Proof: Let us construct an n-qubit state 



P e (")( 7 ,A)=exp(7 7 + 7 



(i) 



A • £ 



(18) 



i=2 



4 



where the vector A = X x x + X y y+X z z = XX , the operator 

vector E = xXM fl^X® + yY {1) TVU*^ + ^ (1) > 
the parameter r\ is determined by the normalization con- 
dition Tr(/9 e ( n ) (7, A)) = 1, and the notation v repre- 
sents the unit vector along the direction of the vector 
v. The A component of the operator vector E is de- 
noted as E A = A • E. Note that E^ = Y,\, = 1, and 
[Ex, Z®] = for i € e(n). The state dTSJ) can thus 
be written as 



P 3(n) (7,A) = ^^l+tanh^zWzWni. 



1 



-tanh(A)E> 



Note that in the above equation, only the term Z\X z jX 
in Ea contributes to the reduced (n— l)-particle reduced 
density matrixes. Therefore the state p e ^(^, A') has the 
same (n — l)-particle reduced density matrixes as the 
state p e ( n )(j,X) if the following condition is satisfied: 



Al = A' = 0, tanhAl 



tanh A. 



(19) 



a multi-particle state in characterizing irreducible multi- 
particle correlation is emphasized by theorem 1. Adopt- 
ing the continuity approach, we are capable of apply- 
ing theorem 1 to deal with the irreducible multi-particle 
correlations in the multi-particle states without maximal 
rank. Particularly, we successfully obtained the degrees 
of irreducible fc-particle correlations in the n-qubit stabi- 
lizer states and the n-qubit generalized GHZ states. The 
multi-particle correlation structures in these states are 
revealed by our results. We hope that the concepts of 
irreducible multi-particle correlations will contribute to 
the characterizations of multi-particle correlations in con- 
densed matter system, e.g., topological orders [HEEGl 
in degenerate ground states. 
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According to theorem 1, we find 



^ n) (7,A) 



(7, A') 



(20) 



for to = 2,3, •■•,7i — 1. Therefore the degrees 
of irreducible multi-particle correlations for the state 
p e ( n >(<y, j\) can be obtained via Eqs. 

Without loss of generality, we assume that in Eq. (fT5|) 
a = cos(0/2) and /3 = sin(6»/2)e^. Then we define 
the Bloch vector u — (sin 9 cos 4>, sin 9 sin 0, cos 9). Let 
us take A = u, then E u |G n ) = \G n ). The operators 
{Z' 1 '!"} and E u can be regarded as the stabilizer gen- 
According to theorem 2, the 



erator of the state Pq . 



relation between the generalized GHZ state p G ^ and 
p e (™)( 7 , A) is 



e(n) r 

Pa = hm p 

A— >+oo 



e(n) 



(A, Xu). 



(21) 



In this case, we find that, for m = 2, 3, • • • , n — 1, 
hm 0#*>(A,Au) 
= H 2 |00 • • ■ 0)(00 ■ ■ -0| + |/3| 2 |11 • ■ ■ 1)(11 • • • 1|.(22) 

A direct calculation will yield the results of theorem 3. 

Theorem 3 shows that in the generalized 71-qubit GHZ 
state (|15l) , only the irreducible 2-particle correlation and 
the irreducible rt-particle correlation exist, and the pre- 
vious one is (n — 1) times of the later one. 

Summary. — In summary, the definitions of the de- 
grees of irreducible /c-particle correlations in an n-particle 
state are given as a natural generalization of those de- 
fined in [2J, [3j . The significance of exponential form of 
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